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Approximate Variance of the Standardized Measure
of Gametic Disequilibrium D’

To the Editor:

The detection of nonrandom association of alleles at differ-
ent loci (i.e., gametic disequilibrium) is one of the first
steps in the study of the multilocus systems, as well as a
powerful tool for analysis of marker order and location
of human disease genes. The magnitude of gametic disequi-
librium can be estimated from a sample of haplotypes from
the population, by means of a variety of disequilibrium
coefficients (Hedrick et al. 1978; Hedrick 1987). Although
no measure of disequilibrium is completely independent
of allele frequency (Lewontin 1988), the standardized dis-
equilibrium coefficient D', proposed by Lewontin (1964),
is very useful for comparison of disequilibrium between
loci with different allelic frequencies, because its range is
frequency independent (Hedrick 1987, 1988; Lewontin
1988; Zapata and Alvarez 1992, 1993, 1997a; Zapata
and Visedo 1995). It is surprising that, despite the exten-
sive usage of D’ since 1964, its variance has not been
investigated, although Hedrick and Thomson (1986) and
Hedrick (1987) examined the distribution of D', for sam-
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ples taken from populations under neutral equilibrium,
by computer simulation. Consequently, estimates of D’
between genetic markers are always provided without their
corresponding SEs, which makes it difficult to assess
whether differences in disequilibrium intensity are oc-
curring over pairs of loci. Therefore, the main utility of
D’—that is, to compare the intensity of disequilibrium
for locus pairs with different allele frequencies—is quite
inoperative with this practice. Disequilibrium studies usu-
ally are restricted to the testing of the null hypothesis of
gametic equilibrium, by means of different statistical tests
(see Zapata and Alvarez 1997b), although recently a pro-
cedure based on bootstrap resampling methods has been
used for testing of disequilibrium homogeneity from D’
values (Zapata and Alvarez 1997a). In the particular con-
text of studies of gametic disequilibrium between disease-
locus alleles and alleles at adjacent marker loci (i.e.,
disequilibrium mapping), Lewontin’s (1964) D’ disequilib-
rium measure is, in many circumstances, essentially identi-
cal to the robust formulation of the population attributable
risk for which the sampling variance is known (Devlin
and Risch 1995; Devlin et al. 1996). Here, we give the
expression to obtain the approximate sampling variance
of D', V(D'), for the case of two loci, each with two alleles,
and we check it by computer simulation.

Consider two polymorphic loci, A and B, each having
two alleles, A; and A, and B, and B,, respectively. Sup-
pose that # random haplotypes are sampled from the
population; let the relative frequencies of the four possi-
ble haplotypes, AB;, A;B,, A,B;, and A,B,, be x;, x,,
x3, and x4, respectively, and let p, g, u, and v be the
allelic frequencies of A, A,, By, and B,, respectively.

The measure of the magnitude of the nonrandom as-
sociation between alleles at the two loci, by means of the
disequilibrium coefficient, D, of Lewontin and Kojima
(1960), is given by D = x; — pu. D’ is the ratio of D
to its theoretical maximum value, D,,., given the allele
frequencies and the sign of D: D’ = D/D,,,, where D,
is min(pu, qu) when D < 0 or min(pv, qu) when D > 0
(Lewontin 1964).

An important problem in obtaining V(D’) is that D,
is not a continuous function, because it is undefined for
D = 0. Therefore, a strategy to obtain V(D’) is to work
with the truncated distribution of D’, by the breaking
of the set of permissible values of D’ into two regions,
D’ < 0and D’ > 0. Since D' is the ratio of two random
variables, V(D') for a gametic random sample taken
from a population can be approximated by Taylor’s
series expansion (Kendall and Stuart 1977, p. 247):

V(D') = V(DIDpay)
[E*(Dimax) I[V(D)] + [E*(D)][V(Dinax)]
B Z[E(D”[E(Dmax)][COV(D: Dmax)]
E*(Dynax) ’
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where E(D) = D(n — 1)/n, and, in a large sample, V(D)
is approximated by (see Hill 1974; Brown 1975)

lpquv + Dig — p)(v — u) — D]
n

V(D) ~

In addition, from the first central product moment,
E(Dnlax) = Dmax(”Z - 1)/71.

The variance of D, V(Dpay), also can be approxi-
mated by Taylor’s series expansion. When it is taken
into account that cov(p#s) and cov(§d) are D/n and
cov(pd) and cov(gsi) are —D/n (see Hill 1974; Brown
1975),

Dmax
n

\](ljmax)N (pa+qb_2|D|)9

where a = vand b = u, if D’ < 0, and where a = u
and b = v, if D’ > 0.

The covariance between D and D,,,., cov(D,
can be obtained from the expression *2[cov(D,
= V(D * Dyay) — V(D) — V(Dyay). Then,
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Figure 1 Product of V(D’) and #, as a function of D', for differ-
ent marginal p and u.
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cov(D, Dows) = 5- D)1 = x) = V(D)

- Dmax(pa + qb - 2’|D|)] )

where (D) = 1if D' < 0,I(D’) = =1 if D’ > 0, and
X; 18 X1, X2, x3, and x4 when D, is pu, pv, qu, and qv,
respectively.

Therefore, in a large sample, V(D’) can be approxi-
mated by

1

VD) ~ [m

] {(1 = |D"[)[nV(D)

- |D'|Dmax(pa + qb - 2‘|D|)]
+ D" [x(1 — x))} .

When D' = +1, then V(D') = 0.

In figure 1, the product of V(D') and # is plotted
against D', for six different values of p and u, for the
two loci. The product of V(D') and # is given, since the
sampling variances are approximately proportional to
1/n. Given that D,,,, is undefined for D’ = 0, we have
included in figure 1 estimates of V(D') close to 0, by
using very small positive and negative D’ disequilibrium
values (D' = =+ .05). It can be seen that V(D’) exhibits
a complex behavior as a function of D’ and of p and u.

Table 1
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In general, V(D') increases either as the magnitude of
D’ decreases or if the marginal allele frequencies tend
to be extreme. However, V(D’) does not increase monot-
onously for D’ values around D’ = 0, and it varies
greatly with small increases in D’, when allele frequen-
cies are extreme. When both p and « differ from .5, then
V(D’) can vary dramatically with the sign of D', since
V(D') is remarkably higher for D’ < 0 than for D’ > 0.
This is a consequence of the asymmetry of D,,,,, when
p and u are different from .5 (Chakraborty 1984; Zapata
and Alvarez 1993). Here, we have denoted the two ga-
metic classes for which the expected value is more ex-
treme than the coupling values. Otherwise, the opposite
picture arises, and V(D') is less for D’ < 0 than for D’
> 0. This dependence of the variance on the sign of D’
explains why the statistical power for the detection of
negative disequilibrium in natural populations is very
low, compared with that for the detection of positive
disequilibrium (see Brown 1975; Zapata and Alvarez
1993).

Monte Carlo simulation was used to check the theo-
retical V(D'). We constructed populations that were as-
sumed to have two alleles at each locus, with different
magnitudes of disequilibrium (D’ varied between —.8
and +.8, in steps of .2, excluding D" = 0), combinations
of allele frequencies at the two loci (p = .5, .7, and .9;
and # = .5, .7, and .9), and haplotype sample sizes (n

Ratio between the Asymptotic V(D’) and the Estimated Variance from Computer Simulation, for

Different Values of D’, p and u for the Loci, and n

RATIO, FOR D' =

patn= u -.8 —.6 -4 -2 2 4 .6 .8
n=50:
5 1.16 1.06 92 .66 .54 .87 1.25 1.62
N { .7 1.27 .88 1.08 1.42 .97 .85 .95 1.20
9 .86 .95 .75 .87 .74 .94 .52 .61
7 {.7 1.17 .96 1.01 1.16 45 .88 1.15 1.13
’ 9 1.39 1.22 1.57 1.37 46 .61 .53 1.00
.9 .9 7.36 3.92 4.03 3.56 A1 31 .28 1.84
n = 100:
.5 1.60 1.07 .93 .70 .87 1.03 .98 1.53
N { .7 .93 1.11 1.26 1.04 .99 1.11 .97 1.05
.9 1.05 .82 .79 .90 .77 .78 .84 .79
- { 7 .96 1.00 95 1.18 .84 1.58 1.08 .92
’ .9 .98 1.19 1.15 1.55 49 .65 1.08 1.06
.9 .9 1.71 1.88 2.19 2.54 21 .95 1.01 1.67
n = 1,000:
5 1.50 1.19 1.04 .96 95 1.12 1.31 1.49
N { 7 .99 1.07 1.07 1.00 1.01 1.01 1.00 1.03
9 .87 .96 1.09 1.01 .99 .93 1.02 .94
- { 7 1.08 1.03 .98 .98 .94 1.06 1.23 1.45
’ .9 1.00 1.05 1.02 1.09 .97 1.06 1.06 .90
.9 .9 97 .98 1.13 1.46 .99 1.00 1.14 1.29
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= 50, 100, and 1,000). Each population was sampled,
and D’ was calculated. This sampling was repeated
1,000 X, and the mean and variance for D' were calcu-
lated. Table 1 shows the ratio between the theoretical
values of V(D') and the variances in the computer simu-
lation. It is clear that, in general, the approximation of
the theoretical V(D') is quite satisfactory and that the
ratio approximates to 1 quite well, even for samples as
small as 7 = 100. As expected from asymptotic theory,
most of the significant differences between the two vari-
ances, detected by the F,,,,-statistic test (Sokal and Rohlf
1995, p. 397), occur for n = 50, especially for extreme
allele frequencies. From the results, use of V(D') for
experimental sample sizes equal to or higher than n
= 100 can be recommended.
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Transmission/Disequilibrium Tests for Multiallelic
Loci

To the Editor:

Kaplan et al. (1997) address the interesting question of
how the biallelic transmission/disequilibrium test (TDT)
should be extended to multiallele loci. Four recently pro-
posed test statistics were described, and their properties
were investigated by simulation studies. Here, I would
like to point out some defects of the Monte Carlo-T,,
test and the y*-T,,. test that were not revealed by these
simulation studies.

All four test statistics are based on the square contin-
gency table of the counts of allele transmission, as set
out in table 1. The cell count #;; is the number of parents

Table 1

Counts of Allele Transmission and Nontransmission

NONTRANSMITTED ALLELE

TRANSMITTED
ALLELE 1 2 .. m ToTrAL
1 11 ny2 .. Nim ny.
My 53] .. Mom 1.
m My M .. Mo "
Total 74 ., .. n n.
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